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A Fairness Criteria in Centralized and Federated Learning Setting

In this section, we provide supplementary discussion of the fairness criteria and their corresponding
confusion-matrix formulations under both centralized and federated learning settings. First, in
addition to the demographic parity (DP) and equal opportunity (EOP) notions introduced above, we
here present the definitions of equality of odds (EO) along with their confusion-matrix representations.
Next, we clarify how these fairness notions are formalized within FL, specifying the distinct fairness
metrics employed at both the global and the local levels. Note that this paper adopts a subgroup-
like fairness metric [[73), 13, 40] to reduce the number of constraints, while our confusion-matrix
representation is also applicable to the group-wise definitions of these fairness metrics [[70,[71]].

A.1 Group Fairness Criteria

Probabilistic notations. We elucidate some probability notations in the Preliminaries 3| and Table
Here, we use p; to denote the probability of event § occurring. For example, p, := P(A = a), p, =
P(Y = y)’ Pa,kk ‘= IFD(A =a,K = k)’ Pkla ‘= IFD([( =k | A= a), Palk = P<A =a ‘ K = k),
Pay =PA=0a,Y =y),pyr :=PY =y, K =k),andpoyr =P(A=0aY =y, K =k).

Confusion-matrix-based fairness notations. For random tuple (X,Y, A), the prediction of the
(attribute-aware) classifier is defined as ¥ = h(X,A). One may simply choose Y = h(X) to
consider the attribute-blind setting. To represent group fairness constraints, previous works [[73}155]]
introduce the group-specific confusion matrices C%, a € A to characterize the fairness constraints,
where Cf, :=P(Y =i,Y = j | A =a).

Example 1. For DP criterion,

~

Ppp = max max [P(Y =y | A:a’)—]P’(}A/:y) ,
yE[lm]a’€A

where P(Y =y | A=a') = 31 PY =y Y=i|lA=d)= > ielm) Cf,y and P(Y = y)
>aeaP(A=aqa) Zie[m] PY=yY=i|lA=a)=) cu Zte[m} P(A = G)ny

Hence, we have

Ppp = max max Z Z [a = a'] —P(A = a))C{,| = max max

yE[m]a’€A acAicim yElm]a’€A

Z< a’ y7ca>

acA

where Dg, € R™*™, and the y-th column elements of Dy, , are lla = a'] — P(A = a) with all
other elements set to 0.

Example 2. For EOP criterion,

Yrop = max max
yE[m]a’€A

‘ -~ ~

whereP(Y =y | A=d,Y =y) =

Hence, we have

PYrop = max max
y€[m] a’€A

= Imax max
yE[m]a’'€A

> (D4, CY,

’
Pa’,y a€A

> (P tla=a)- ”“)Cz,y
acA Py

where Dy, € R™*™, and the entry in the y-th row and y-th column is pp‘;’ Ila=ad]— g—“ with all
’ a’,y Y
other elements set to 0.

Example 3. For EO criterion, we follow [3|] to introduce the mean equalized odds (MEO) constraint,
and consider its subgroup-like representation:

Ypo = max max - (\TPR (a) — TPRy| + |[FPRy(a) — FPR,|),
ye[m]a’€A 2 ’

where TPRy(a) = P(Y —y\Y—y,A a), TPR, = P(Y =y |Y =y)and FPRy(a) =
P(Y =y|Y #y,A=a),FPR, =P(Y =y | Y #y).

23



934

935

936

937

938

939
940
941
942
943
944

945
946

947

948

949

950
951

955
956

It shows that

1
5(ITPR, (a) = TPR, | + [FPR, (a) — FPR,)

> (gt =132 ) 5

a€A Pa’yy
a,0 a,l

Z<Da U’Ca> Z<Da y7Ca>

acA

acA

—_

acAvyity Zyﬂéy Py;

A )

where the entry in the y-th row and y-th column is pp o’ Jla = a'] — % with all other elements set to
aly Y

0 for D%° € R™*™ and the entry in the y-th column is —Ps—T[a = a'] — 22— except
f any Y y Zyﬂéypa’yyj [ ] Zyﬂéupyj P

for the y-th row with all other elements set to 0 for DZ;ly e Rmxm,

A.2 Group Fairness notations in FL.

As noted in the main text, fairness at the level of each client’s dataset (local fairness) differs from
fairness across the aggregate dataset of all clients (global fairness). Local fairness is defined with
respect to each client’s individual data distribution P(X,Y, A | K), whereas global fairness is
defined over the overall (aggregate) distribution P(X, Y, A). Motivated by approaches that employ
group-specific confusion matrices for fairness [73}155]], we propose the decentralized group-specific
confusion matrices C** a € A, k € [N] to capture both global and local fairness across multiple
data distributions within FL, with elements defined for 4, j € [m] as Cff(h) =PY =1, Y=j |
A=a, K =k).

Example 4. For DP criterion, the global DP fairness metric is defined as

2%, = PY=y|A=d)-PY =y)|,
bp = max max |P(Y =y | A=d') —P(Y =y)

where P(Y = y | A = d) = Zke[N]Zie[m]pkwcg,f(hk), and IP’(? = y) =
Y aca Zke[N] Zie[m] pakaZ’;(hk). Hence, we have

27, » = max max Z Z Z (pk\a’ﬂ[a =d] —Pa,k)c’?,’;(hk)

‘€A
velml €A\ A ke(N) iem)

max max Z Z Dz/ky,cak (hi)) |

e A
yelm] o a€Ak€E[N]

where DZ}{Cy € R™*™ and the y-th column elements of Dgilfy are P(K = k | A = d)l[a =
a'] = P(A = a, K = k) with all other elements set to 0.

The local DP fairness metric for k-th client is defined as

%P_%%gﬁM?:ﬂA:%K:m_M?:mK:mL

where]P’(Y:y|A:a’,K:k):Z[}CakandP(?:y|K:k):

Y )

Y aca Zie[m] pa|k]P’(}A’ =y, Y =i| A= a,K = k). Hence, we have

.@lDP = max max g E I[a = d'] pa|k)C?j(hk) = max max
]a’€eA y€[m]a’€A
acAie[m]

> DLk Cok (b >>‘,

acA

where D% ky R™>™  and the y-th column elements ofD yarella=d]-P(A=a| K =k)
with all Other elements set to 0.
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Example 5. For EOP criterion, the global EOP fairness metric is defined as

P%op = max max PY=y|Y=yA=d)-PY =y|Y =y)|,
yE[m]a’€A

where P(Y = y | Y =y, A =d) = ZkE[N] pa,fca k(hk) and P(}/} =y |Y =y =
D aeA 2okelN] p“kcak(hk) Hence, we have

pa’k ’ Pa,k a,k
DY, = = C.. (h
b= |2 30 (Gt o) 5 Jerion)

acAke[n] “Pa'v Py

max max Z Z DZ/ky,Ca/C hi)Y| s

TeA
velml ' €A e kel

where D, , € R™*™, and the entry in the y-th row and y-th column is g“"k Ila =a'] — p;—"“ with
a’y Yy

all other elements set to 0.

The local EOP fairness metric for k-th client is defined as

.@EOP—m?)ﬁmeaﬁ‘]l”(}/}:y|A:a’,Y:y,K:k)—[P’(?:y|Y:y,K:k)’,
y€lm] a’

whereP(Y =y | A=d Y =y, K = k) = p‘“’“Cp“’“ candP(Y =y | Y =y, K = k) =

Pa’ y,k

> p”k]P’(Y—y, =i| A=a, K =k). Hence, we have

acA Py
Z ( DPa’ & H[CL — a/] _ pa,k>cif(hk)

Pa’ 1y k Py.k

_@l k
EOP — max max

yE[lm]a’€A

= max max
yE[m]a’€A

Z< a y’ c* k(hk»

acA

where DZ}ky € R™X™ and the entry in the y-th row and y-th column is pp“i]l[a =d] - i”—”; with
) Y,

a’y,k
all other elements set to 0.
Example 6. For EO criterion, the global EO fairness metric is defined as

P9, = ‘]P’ —y|Y =y A= PY =y|Y = ’
o = max max ( =y Yy a)=PY =y| Y)

+’]P’(17—y|Y7éy,A—a’)P(?_yy#y)oa

where P(Y =y | Y #y,A=0d") =31 cin 2Xyiny %C;Z:Z(hk) andP(Y =y | Y #

’ .
Y #Y Pa’,y;

Y) = uea Zke N Zy Ly Pa.k szy(hk) Hence, we have

Yj #y Pyj

Do = max(rlngﬁ2( Z Z ngyO,C“k Z Z ngyl,Cak(hk» ),

ye

a€Ake[N acAke[N]
/ . .
kg =a]— % with all other elements set to
X Y
k ,0 Pa’ K / Pa,k
0 for Da € R™*™ and the entry in the y-th column is <——**—1[a = d/| — <=—%25— except
f Ty vy Eyj#y Pa’,y; [ ] Ey]#y Py; P

for the y-th row with all other elements set to O for DZ}IZI € Rmxm,

The local EO fairness metric for k-th client is defined as

ﬁlo—gre%glgﬁ (‘IP’ =y|Y =y A=d,K=Fk) - IE"(5A”=y|Y=y,K:k)]

+‘P(?:y|Y;éy,A:a’,K:k)—P(?:yY;«éyj(:k)‘),
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where P(Y =y | A=a' Y #y K=k =3, . s iy’ and P(Y =y|Y #

y,K:k):ZaeA%]P’(Y:y,Y:i|A:a,K:k). Hence, we have

Do = max(rlneaﬁ2( Z Z DZkyO,C“k Z Z Dzkyl,Cak(hk» ),

€l
Y acAke[N a€A ke[N]

where the entry in the y-th row and y-th column is %H[a =da]— za—'z with all other elements set
al y.k Y,

k,0 . . Pa’ k / Pa,k
to 0 for D™ R™*™ " and the entry in the y-th column is —«——>*—1lla = a/] — <25 —
0f aly < Y Y Zyﬂﬁy Pa’ yj;.k [ ] Zyﬁéy Pyj.k

except for the y-th row with all other elements set to O for Dg}k'l;l e R™mxm,
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B Proofs and Discussion in Section (4l

B.1 Proof of Proposition I]

This section provides the proof of Proposition[T] The proof is primarily inspired by the characterization
of the Bayes-optimal fair classifier in the centralized fair machine learning literature (e.g. Theorem
3.1 of [73l], Proposition 10 of [S5]]).

Proof. We begin by casting the primal problem (I)) into an optimization problem defined on the
Cartesian product of confusion matrices. Consider the the set of achievable confusion matrices:

CHAPN .= {CHN (h) := {C®* (hy)}acarey) - h € HY Y,

where C!41*N be the product space of all confusion matrices C** corresponding to sensitive group
a € Aand k € [N] associated with a given instance h € H of the problem. It is clear that
the performance metric R and fairness metrics 29, " k € [N] are continuous and bounded to

CHAIXN(h) = {C¥* (hy) }ac ake[n)-

Convexity of CAI*N, Let VCy,Cy € CI*N be realized by classifier tuples hy, hy. For any
w € [0, 1], define the mixed classifierh’ = wh; + (1 — w)hy,. By linearity of performance and
fairness metrics, its confusion matrix satisfies

C(h/) :wC(hl) + (17&))C(h2) :w01 + (lfw) CQ :Cw.

Thus every convex combination of C; and Cj lies in C!4* N establishing convexity.

Deterministic classifiers. It can be seen that, for any linear objective ¢, (CMI*N (h)) =
Daea re) (L@F, C»F(hy)), there is a deterministic classifiers h* = (hf,---,h}) that is
optimal for ¢r, (see proof in|B.2). By the supporting-hyperplane theorem [8]] for compact convex
sets, for each point Cy, = {C}"" }oc a,kcn) € OC IMIXN " there exists a nonzero collection of matri-
ces L, = {Lg’k}a@L re[n] constitutes a hyperplane, such that for every C = {C%*} € CIAIXN
we have Y, S (LeF CPFy < S0 SO (LR, C®F) which is precisely the desired
supporting-hyperplane condition at C,. In other words, we arrive at the conclusion that each boundary
point of CI!*N can be achieved by deterministic classifiers h’ = (h,--- , h'y).

Combination of deterministic classifiers. Since CAI*Y is compact and convex, we know that its
extreme points fall in its boundary. By the Krein-Milman theorem [56]], we have that CIA* ™ is equal
to the convex hull of its extreme points. We further have from Caratheodory’s theorem [8] that any
C ¢ CIXN can be expressed as a convex combination of d; = |.A|Nm? points in the extreme
point set, where each extreme point can be characterized by deterministic classifiers. Hence, we have
proved that the optimal solution h can be represented by the convex combination of deterministic
classifiers. (]

Discussion on feasibility. The only condition for the above theorem to hold is that the feasible set
is non-empty, which is clearly satisfied by the mentioned fairness constraints, DP, EOP, and EO.
For these fairness criteria, the classifier that always predicts a single, fixed label ¢’ trivially meets
€9 =0,¢4% =0,k € [N], and hence satisfies the fairness constraints.

The number of deterministic classifiers. As for the number of deterministic classifiers required,
the parameter d* in the proof scales with the number of nonzero entries in the linear performance
and fairness constraints [33]. Since each matrix D%¥ in our fairness formulation is zero except for
one column, we in fact need far fewer than |A|N m? classifiers. Moreover, under the continuity
assumption m this number can be reduced even further [[73]].

B.2  Proof of Proposition 2]

Proof. We denote p, := P(A = a), py = P(K = k), par = P(A = a,K = k), and P;X :=
P(X|K = k). Consider the form Lagrangian function of federated Bayes-optimal fair classification
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1021 problem (),

L(h, A 1)
N
=3 Y k(I —LCH () + 30 (WD —A2) ZZ (DE, €O ()
k=lacA ug €Uy k=1acA
N
3N ) D, C ) — ST O A
k=1, €Uk acA =

o Z Z ’uk Y ULk k27)u k)gl,k

kE[N] u,k €Uk

N
= Z Z <palc 1 _I) Z ()\Stlg) (2) Dak + Z M}(Clztl s 2” k)DZZkNCa k(h )>

lacA ug €Uy L,k €EULK
1) (2 (1) (2) I,k
- 2 )X Z D (i Hicu, )€
ug €Uy N ug, k€U K

1022 The inner problem of Lagranglan dual ask we to solve minpey L(h, A, 1) given element-wise
1023 non-negative dual parameter A and p, which can be formulated as

mase V(h, A, ) ;a;pakww a, k), C** (hy) ),

, o (1) @Ch\yak (€5 I )] a,
1024 where M? Hla, k) :=1— p%k [Zugeug ()‘ug — Auy )Dugk Zul KEUL K (Nk e Mk, k)Dm{ck :

1025 The next step is to derive the optimal solution of maxycy~ V (h, A, ). For this purpose, we perform
1026 manipulations of H to reveal its clear relationship with the personalized classifier h = (hy, ..., hy).
1027 Denote the condition distribution of X given sensitive attribute A = a on client K = k as Pf o 1.64,

1028 Pop:=P(X|A=a,K =k), we have

N
Vi(h,\, ) ZZ]) k<Mw(a k), Cak(hk)>
k= laE.A
=33 s 008, B P 0
k=1acA

N
=3 posExiaca s (X, 0 B)] MM (a0, )i ()]

k=1acA
= B [Excpa i | [0(X, A, KTV (A, K)hie (X))

= Exax |[n(X, A, K) MM (A, K)hic (X))

= Ex e [Bapw,ic (X, A, ) MM (A, Kb (X)] ]

=Exx| Y P(A=a| X, K)nX,a K)] M (A, K)hK(X)]
LacA

—ZpkExNPx S PA=als, k>[n<w,a,kﬂTMwa,k)hkm].
acA

1029 To derive the optimal solutlon of the inner optimization problem, it suffices to perform a pointwise
1030 maximization of the above objective: for fixed x, k, the classifier hy(z) selects the label that
1031 maximizes the term inside the expectation, i.e.,

hi(xz) =ey, y € arg max( Z P(A = a|z, k) [M“”\(a,k)]—rn(%a, k)) .
J€MI *aea J

102 Thus, we have finished the proof of Proposition 2] O
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B.3 Proof of Proposition [3|and Further Exploration

In this section, we prove that the representation in (@) is calibrated for both unified and personalized

inner optimization problem. We begin by presenting the following lemma.

Lemma B.1. For any categorical distribution characterized by p € A,,, the minimizer of the

Z p; log (a)

expected risk

Ey~p [~ log (qy)]

over all q € A,, is unique and achieved at p = q.

This lemma is commonly used in the design of multiclass loss functions [69} 52} 154].

B.3.1 Proof of Proposition 3]

Proof. We aim to prove that for any fixed x € X,k € [N], the optimal personalized scoring
function s}, : X — R™ that minimizes the expected loss ¢ (y,s(x),
bution P(X, A,Y | K = k) recovers the personalized federated Bayes-optimal classifier i} (x) in

Proposition

It is equivalent to show that, for any z:

arg max [sy,(z)]; C arg max( Z P(A

jE[m

To this end, by leveraging the properties of conditional expectation, the cost-sensitive loss is reformu-

]

J€[m]

acA

lated as a function of the marginal distribution (X, K):

IE(w,y,a,k)N(X,Y,A,K) [ék(ya S(I)7 )} = 7]EX Y, AK [

—Ex.a,x

~Ex ax

Evx,a,x [

> P

y€E[m)]

i " A
= —Ex.x {EAlX,K{ > ny(X,AK) > M (A, K)log
i=1

i=1

y€[m]

acA

3 My (4, K) log

_y|XaA7KZ MAKlog
i=1

ﬁ:pkEmNPg [ - Z P(A = alz, k) Z_: ([M;L,)\(

=1

exp([s(X)]:)

= alz, k) [M“’A(a, k)}Tn(x,a,k)) .

ZM (A, K)log

J

exp([s(X)]:)
> im1 exp([s(X)];)

= exp([s(X)]j)H

exp([s(X)]:)
> imr exp([s(X));)

exp([s(X)]:)

2

m

k:)} T77(31:, a, k)) log

j=1 exp([S(X)]j)”

a) over the local data distri-

|

exp([s()]:)

— A T
Denoting v;(z, k) := . 4 P(A = a|x, k)({M “a, k)] n(z, a, k)) ,we have

Ex v,axlk(y,s(x),a)] =Ex x [ —CcxX, K

where ¢, = >

satisfies

VIS

m) Vi (%, k) can be treated as a constant for fixed z, k. According to LemmaB.1}
given fixed x, k, an optimal personalized classifier s} (2) minimizing the cost-sensitive loss point-wise

vi(z, k)

m \/i(;XT,}KT)

oy ep(s(0))

> e exp([s(2)];)

exp([si (2)l:)

Zje[m] vj(z, k)

> im exp([sy(2)];)

29

2 S i Vi) T exp((s(X)])

Vi € [m].

|

|



toso It presents that, for all i € [m], since 3, (,,, n(z, a,k) =1,

i) = vl k) = 3 P(4 = al ) (R
_ a;p(A = alar, k) (M2 (0, k) + 0L "z, a, M),
- a;m = ale &) (M0, 0)] (o0, K) + a1
_ Z P(4 = ale. k) ([M*2(@. )] n(ea. B),+ o

1051 Hence,

arg max [sy(z)], C arg max( Z P(A = a|z, k) [M**(a, k)] Tn(x, a, k)) .
y€[m] yelm] N ea Y

102 The personalized classifier hj () € arg miny ¢, [sy ()], recovers that in Proposition We finish
1053  the proof. |

1054 B.3.2 Exploration of Calibrated Loss for Unified Bayes-Optimal Classifier

105 We start from the inner optimization objective V' (h, A, p1),

N
V) = 30 3 pap (MM (a, ), € () )

k=1lacA

= Exa | (X, A, )] MM (A4, K)h(X)|

— B [Ba ey [[0(0X, A, K) MM (A, K)b(X)]|

N
=Ex lz Y P(A=a,K =k | X)[n(X,a, k)] M (a, k)h(X)]

a€A k=1

1056 To derive the optimal solution of the inner optimization problem, it suffices to perform a point-wise
1057 maximization of the above objective: for fixed x, the classifier h(x) selects the label that maximizes
1058 the term inside the expectation, i.e.,

N
h*(z) = ey, y € argmax( S S P(A=a,K = k| X)X, k)] MM (a, k:)h(X)) )
J€ml Y geak=1 J
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Consider the calibrated loss function in @),

E(z,y,0,0)~(x,v,4,5) [0 (y,5(2), a)] = —Ex,v,a,x [;M (4, K)lo Zﬁiiii(()[iz];g)]j)]
— —Ex.ax |Evjxax [il‘m (4, ) log zf’iiiip(as?l‘%mu
_ Exax Lg;n P(Y =y| X, A K i e eiig;((ﬁ)] ))] )H
— Ey {EA,W Lg{;n] ny(X, A, K) EE M, (A z;”i}ipeg;(()[%gmﬂ

INgE

—E,px { S S B — a K — K

a€A k=1 i

1 ({Mqu(a,k)} Tn(a%a,k)) log Z]e}ipe(ip((l[‘s)](i))]j)}

By leveraging Lemma and employing an approach analogous to that used in the proof of
Proposition [3] it is clear that we can obtain

— Z f:]P’(A =a, K = k|aﬁ)({M”’k(a7 k)} T77(:16, a, k)) +a.

acA k=1 ¢

Hence,

argmax [s"(z)], C arg max ZZIP’ —a7K=k|x)[M”’A(a,k)]—rn(x,a,k)) .
y€[m] yeEm] A k=1 Y

The unified classifier 2* () € arg ming e, [s* ()], recovers that in Proposition 2| We have shown
that the loss ¢; in (@) is also calibrated for the unified federated Bayes-optimal fair classifier. ]

B.4 The Complete Formulation of Theorem [ with Its Proof.

In this subsection, we fully articulate Theorem [ through Theorem[7]and Theorem 8] which together
form an extended version of the result in Theorem [4] Before proceeding, we first clarify some
notations and assumptions.

With a little abuse of notation, let f}. .. () := f(x; ¢}) + f(2;0"), f(x; ¢},) = softmax(sk(2; ¢},))
and f(x;6%) = softmax(sg(z; 0?)). The local objective for

ne m
Li(f(;0M) == M (as, ) log[f (4361, k € [N],
1=1y'=1
which is similar to Lj (f(x; ¢},)) and Ly.(f{ .,..()).
Assumption 2. The local loss function L}, - - - , LY; are convex, 3-smooth and bounded by By, to

model parameters ¢y, and 6, t € [T].

Assumption 3. Let Btk’T be sampled from the k-th device’s local data uniformly at random. The
variance of stochastic gradients in each client is bounded:

” 2
E||VoLi(f(x:6);B,") = VLL(f(z:0)]" < o

for k € [N],t € [T].

Assumption 2] and 3] are standard in the convergence analysis of federated model [47, 45| 66]]. Now

we present Theorem[7]and Theorem [§] which together constitute an extended form of Theorem 4]
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Theorem 7. Under assumptions 2] and 3] for the ensemble personalized models, denoting 6* :=
arg ming Zthl Zgzl pi Lt (f(x;0)) and By, = RSB + %BBL + %02, the following cumulative
global regret upper bound of all clients is guaranteed:

1 v o 67|12 log(2)
T 2 D PREI fhens) = LU (@ 0°0)) < g e+ 0Bt = 2 4 B

t=1 k=1

while denoting ¢}, := arg min, Z;‘ll L (f(z; o)), the k-th client achieves the following person-
alized regret upper bound:
* (|2 lo
A o)

T
1
= E 1;t i
Theorem 8. Suppose that personalized models achieve a pt—approximate optimal response at iteration

t, namely L(', Xt ') < miny, £(h, X, ut) + py, denoting p = Y1, pi/T, then the sequences of
model and bounded dual parameters comprise an approximate mixed Nash equilibrium:

maX—ZE (h, \", )—mf—ZL (h*, A\ ut) < p+16B§\/E. )

B.4.1 Proof of Theorem/[7|

+ NwBr.

The proof of Theorem 7] comprises proofs of the global regret bound, and the local regret bound.

(1) Global regret upper bound. In Algorithm [T} the model parameter is updated for R iterations
locally. Therefore, for any 6 € ©,
2

. R
E0 — gl = E||>" puot" -

N 2
< 2nE |t -] 10
k=1

Denoting g;," = VLL(f(x;0,")) and G} = VL, (f(x;60,"); By"), the local update can be written
as

B o o] = & o7~ ol ol
—E |0t — 0| — 2EE[GL, 007 — 0) | 657T] + 2R GLT |12
<E||64" - 6|]° — 24E[(gL", 05" — 0)] + n*(E||gL" || + o).

Summarizing the inequality for r = 0, --- , R — 1, it shows that
R—-1 R—1
2 2 o r
Elop® ol =0t — ol — 20 > El(gh", 05" — o)) +0* 3O (EBlgk I +0%). D)
r=0 r=0
By convexity, we have
R—1 R—1
D (o0 = 0) = D Li(f(w:6.")) — Li(f(x:6))
r=0 r=0
R—1
= > Li(f(2:6,7)) = Li(f (2;6) + Li(f(2:6")) = Li(f(2:0))  (12)
r=0

By the 3-smoothness, it indicates that ||g;"||> < 23By, and then

BILL (7 (s 04 ))) > BILL(A (s 0] — nBllo” 007 — 647)) — Dot — 2

= E[Ly(f(:0,"))] = nE[(g,". G T>]—7IIG "II?

~ ELL( (@07 )] — Bl 1 = 2 gt 1 + o)

2
> B{L (0~ (n+ 2 )2 - 2o
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1094 Summing up over r = 0, --- , 7, it presents that

E[LL(F(r: 6] — LL(F(:0)) > —(2 4 mB)BnBur’ — 2 oo™’

105 Hence, summing up over / = 0,--- , R — 1 again, we have
- - 1 BnR(R—1
S BI04 — TS :0) = (2 +ng) By — o) P )
=0
1096 Combining (T, (T2) and (T3), and let 77 < 5, we obtain
2 2
E|6p" — 6| <E o'~ 6| — 2nRILL(f(2:6) — Li(f(w50))]
3
+20°R?BBy, + 3n°RBBy, + §n2R02. (14)
1007 From (I0), we know that
2 2 al
E [0+ —6]” <E |6 —0]” — 2R > puslLi(f(@:6) — LL(F(:6))]
k=1

3
+ 20" R*BBL + 3" RABL + S0 Ro”
1008 Summing over time and dividing both sides by ﬁ, we obtain
T N
Z Z Wk E[LL(f(2:0") — LL(f(2;0))]

E|j6° — 0| —E|j6T+ — 0
<
- 2nRT

’ﬂ \

I

3 3
+n(RBBL + 55BL + 102).

1009 Plugging in @ = 6* and #° = 0 and considering the fact that 67+1 — § > 0, the result turns to

T N
0%||? 3 3
— E[LL(f(z;6")) — L} 0 < lei® RBBL + =BBr + ~0%). (15
T;z o BILL (T @:0%) = LU @:0°)] < 5 p +n(RBBy + 50BL+ 70%). (19)
1100 Consider the update rule of ensemble weight w! in Algorithm
witl — 1 _ wy, exp(—nw L (0k))
¥ I+ Wltc(w/tc) UJZ eXP(—%LZ(Gt)) (1- wk) exp(—n (¢k))
1101 Here, the update can be viewed as exponentiated gradient descent on the normalized weight vector

1102 Wi, = (wf 1, w} 5) € Ag, and w}, Poptoexp (—nwzf;),i = 1,2, where zf, = Li(f(2;0")), 2f5 =

1103 Lt (f(z;¢%)). A well-known regret bound in online learning [63] [64] shows that, for any u =
14 (uy,uz) € Ao,

D whEILL(f (0] + (1 = wi)EILE (f (25 6)] = Y (nBLE(f (256%))] + u2B[Li (f (3 6}))])
t=1

+77wTBL' (16)

1105 By the convexity of L, we have Y1, Ly (ff ens) < S wh L (f (2 07)+(1—wh ) L (f (a5 61).
1106 Plugging in u; = 1, uy = 0, it presents that

log(2)
Nw

T
> E[LL(ff ens) — Li(f(2;6M)] < +n,TBg. (17)
t=1
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Weighted summing (T7) over all clients and dividing both sides by 7', we obtain

1 T N

=1 k=1
Combining (T8) and (T3), and denoting B, = RBB + 33B; + 302, we obtain

LS S B ) — LG < L 150 )
T Pk k\JEk,ens k ’ — 27]RT Nbk an NwDL-

t=1 k=1

+ NwBr. (18)

Thus, we finish the proof of the global regret upper bound.
(2) Local regret upper bound. Plugging in u; = 0, us = 1 in (T6), it presents that

log(2)

w

T
D ELL(ffens) — Li(f(2504))] < +nwTByL (20)
t=1

Following the proof technique of global regret upper bound, from (T4), since ;" = ¢Lt!, and

making n < BR’ we have for any ¢,

E ¢ — ¢nl|” <E||¢h — okl — 20RILL(f (25 04)) — Lh(f (25 0))]
+2n?R*BBy, + 37> RBBL, + gn2R02. (21)

Combining (20) and (21)), and plugging in ¢5, = ¢} and ¢} = Odenoting B, = RAB+38BL+ 3202,
the result turns to

LS BRI () - TG00 < LA 4, 1980 1 (22)
T i k\Jk,ens k 2 RT Nbk an NwDL-
Thus, we finish the proof of the local regret upper bound. (]

B.4.2 Proof of Theorem 8|

The proof of Theorem [§]relies on Lemma[B.2]

Lemma B.2. [63] Let ', f2,... : A — R be a sequence of convex functions that we wish to
minimize on a compact convex set A. Define the bound of the convex set By > maxye ||Al|2, and
B > |V £ (A\")||y is a uniform upper bound on the norms of the subgradients. Suppose that we

perform T iterations of the following update, starting from \(*) = argmin, ¢, [|A[|1-
A =TIy (A = vyt (V)

where V ft (A\') € Oft (\!) is a subgradient of f* at (), and 11 projects its argument onto A w.r.t.
the Euclidean norm. Then:

T

th (\) = Z +77TBG

where \* € A is an arbitrary reference vector.

Proof of Theorem@ Consider the empirical form of the Lagrangian function E(h, A 1),

L(h, A\, 1) = R(h) + (AP = X T(29(h) — ¢9) +Z )T (2" (n) — €4F),

Moo
=3 5 o Z 1= MM (ag k) ()
k=1 =
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A, _ (1) @\ Ra.k (1) (2) a,k
where MM (a, k) :=1— ﬂ [Z“geug (Auy — A )Dug - Zul W EULK (s, e ey k)Dul,k:|'
It is clear that the inner problem is linear to classifiers in the empirical case.

From the definition in Section[d] we have || A||1 < By, ||p[l1 < Bg. Since the norm of fairness metrics
is less than 2, setting the step size ng = By / VT, by Lemma

1
LN ) - S Y L (A <7 AnqT = 16B31/ — 23
/I\I*lix Z ,u Z + 4nq a\l (23)
where \*, yi* are the optimal dual parameters satisfying ||[A||1 < By, ||1]]1 < Ba.

On the other hand, according to the sub-optimal assumption on the classifier h, we have
T T T

T
. 1 = * ~ 1 . Bk
Z:: L (b, )\ p 1}]51*%2/:(11 AL ut) < T L (b, M put) — TZI}Ill*fl:(h At <

t=1 t=1 t=1

(24)
where 5 := >"/_, p;/T. Combining (23) and (24), the result shows that

1
max—z,ﬁ (h', A", 1*) mf—z,/j (h*,\', ") < p+16B3 7 (25)

Leth:= £ 3 h* with oy := £ 37 hf, k€ [N, and let A := 2 30, M o= £ 300 ot
denote the point-wise average of dual parameters. Therefore, due to the linearity of empirical
Lagrange function to classifiers and dual parameters, (23)) can be formulated as

~ - 1
}\naxﬁ(h A% ) = inf £ (b, X, f2) gﬁ+163§,/T, (26)
. .
which presents the approximate mixed Nash equilibrium of the stochastic saddle-point problem. [J

B.5 Generalization Error For In-processing Algorithm

We begin by introducing some notations and simplifications, which are commonly employed in
generalization analyses of FL [35] |61]]. Without loss of generalization, let n = n; = .-+ =
ng present the sample number in local datasets. For any class H = {h : X — [m]}, denote
H, = {I{h(xz) =y} : h € H} and the maximal Vapnik-Chervonenkis dimension [62], VC(H) :=
maxye[m] VC(Hy)

Theorem 9. If classifiers h = (hq, ..., i) with dual parameters (), i) form a e-saddle point
of empirical Lagrangian EA(h7 A, 1), and an optimal solution h* € H satisfies both global and

. . . 2
local fairness constraints, denoting v(n,H,0) = 2\/2VC(H);Og("H) + \/210g(n; N/é)), B, =
S N
maXge A ke[N HDﬁ’f”l» QF = maxX,e A, ke[N] ||Da k_DZ;kHoo» Qb= ,and By, =

maxge 4 || D% k |1, QL% = max,e 4 ||Dul i —Dak oo, k € [IN], then with probability at least 1 — 4,

wl K ULk
142
|29(h)| < €9 + v(n, H, /| AU ) AINB, + Q4 + ; ¢
d
142
|2F(h)| < 9% 4 v(n, 1, N6 /| AUk |)A| By i + QL% + —g €
d

R(h) < R(h*) +2mQF + 2mv(n, H,5/2) + 2e.

The proof of Theorem [J] relies on the following lemma.

Lemma B.3. Let H : X — [m], D adistribution over X X A,,,of which {x;,y;}_, are i.i.d samples.
Denoting H, = {I{h(z) =y} : h € H} and VC(H) = maxye[,,) VO (Hy), then with probability
at least 1 — §, for Vi, j € [m],

~ 2‘/(7 1 1 2 1 1
sup |(ji,j (}L) — (: ij (}l)| <: 2 \// (?{) 0&;(71 + ) n \//Cﬂgé.
heFy n -

where Fpy = {f(z) = Zjvzl ajhj(z):a€ Ay, hj e H,j € [m]}.
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Proof ofLemmalBE] Let ¢; j(z,y;h) = I(y = i A h(z) = j). Then we have C; ;(h) =
Elt; j(x,y; h)] and C; j(h) = £ 37" | €; ;(x;,y:; h). Hence, according to the classical result with
respect to cost sensitive binary classification [[7], with probability at least 1 — 9,

~ 2VC(H,)1 1 [2log L
sup |(jz j (: irj (}l)‘ <: 2 \// (‘}{] ) ()§§(71 _% ) + ()§§ ) .
heFy n n

By the definition of V. C(H), it achieves the generalization bound.

B.5.1 Proof of Theorem[9l

Let the optimal solution h* minimize the risk R (h) subjected to global and local fairness constraints
|29 (h*)| < €9, |28 (h*)| < L With the properties of the saddle point, it is clear that

(b, A7) <L (b A ) +e, VheH, 27)
(b X)) >L(hA\u) —e  VIAlllulh < Ba. (28)
Considering the global fairness constraints, we first explore its concentration, for any h € H,

74 (h) — = ZZ (DF, C"F (hy)) — (DF, C*F (hy))

k=1lacA

N

3 SO G () — G () + (D Dk G ()

=la€cA
€A

=

N
Z Z DL ICHF (i) — C¥F () l|oo + DG = D oo [CHF () 1

The last inequality is by the Holder’s inequality. Let 6?,/]?]6(1, y,a;h) =Ly =iAh(z) =jAa=d).
Then we have ijk(h) = E[ﬁa F(x,y,a; h)] and (A?f;(h) = L3 4 j(xi,y;; h). By taking a
union bound in Lemma [B.3] we have that with probability at least 1 — 4,

- éa’k(h)Hoo < 2\/2VC’(’H) log(n + 1) n \/210g(m2|A|N/5).

n n

SuUp max max ||C“ ok (h
hG}}{ke[ ]aGA

Since Hé“k(hk)Hl = 1, taking union bound again, denoting v(n, H, ) = 24/ w +

A/ w, it turns out that with probability at least 1 — 9,

N
74, (0) = 7 (h) <" v(n,H,6/|A)|DEH L + | D"

(29)
k=1la€A
<v(n,H,0/|A])|ANB, + Q. (30)
Next, we consider the optimality. Denoting u; := arg maxy, eu, |§59 (h)|, then we have
Ba(,(B) =€) = L(h, Be,;,0) - R(h) < £(h, A, ) — R(B) +¢, (1)

where el deﬁnes as the basis vector with 1 at the position of )\ . Let h satisfy the fairness
constraints. With (27), we obtain

E(h by u) R(h) < L(h,A, 1) — R(h) + ¢ < R(h) — R(h) +e. (32)
Combining (3T)) and (32)), it shows that

59.(B) — ¢ < R(b) — R(b) +2¢ _ 1+2¢
9 l3d 13d

(33)
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Therefore, the result shows that max,, ey, |22. (h)| — €9 < 2
g l

Now we consider the generalization error for the empirically optimal classifier h, with probability at
least 1 — 6,

129, (0)| - & < |29 () — 29, (h)| + |29, ()| - & (34)
< v(n, M, 5/| ADJAINB, + Q5 + 1 ;j? (35)

Taking the union bound over u, € U,, we have that with probability at least 1 — J,
77(B)] ~ €7 < wlon, 1o/ | AU DIAIN B, + 2 + -1 (36)

For local fairness constraints, |@l’ Bl <& Lk, following the similar proof procedures as local fairness
constraints, we have that

— 1+2
(R (B)] — € < u(n, H, N6/|AlIUs4]) | A B + QL + L= (37)
d
For risk metric R(h), it presents that
R(h) — R(h*) = R(h) — R(h) + R(h) — R(h*) + R(h*) — R(h*). (38)

By (27) and (28),
R(h) — R(h*) < L(1,0,0) — L(h*, X\, i) < L (B, A\, 1) +e— L (B, A 1) +e=2e.  (39)
Since we have R(h) = 1 — Zgﬂ pr(L, C¥(hy)), it presents that

N
R(h) = R(h) =Y (L ppC*(hi) — pC" ()

k=1
N N
= " (px — )L CF(h)) + > pi(L, C* (i) — CF(hy,))
k:lN N k=1 i
<m Yok — Pl + Y pem| CF(hi) = CF (hr) oo
k=1 k=1

By taking a union bound in Lemma[B.3] we have that with probability at least 1 — &,

2VC(H)log(n + 1) n \/210g(m2N/5).

k ik
S max |C*(h) = CF(h)|, < 2\/ .

Hence, denoting QP := 2112[:1 |px. — Dr|, we arrive that, for any h € Fy,

N

R(h) = R(h) < N max |p = Pl + > pem||C* (i) = C" () o
k=1
<mQ? +mv(n,H,J). (40)
Therefore, combining (38)), (39) and [@0), we obtain
R(h) — R(h*) < 2mQP + 2mv(n, H,5/2) + 2€. (41)
This completes the proof. d

B.6 Proof of Theorem 3]

We begin by introducing some definitions and lemmas, which are useful in the proof of Theorem 5}
Definition 3. Let V' be a real vector space and let A, B C V. The sum of A and B is defined by

A+B:={a+blac A be B}.
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1180  Lemma B.4. [5] The subdifferential of the function F(x) = E{f(x,w)} at a point x is given by
OF(z) = E{0f(z,w)}

1181 where f(-,w) is a real-value convex function and the set BE{Of (z,w)} is defined as
E{0f(zw)} := / Of (z,w)dP(w)
Q
= {x* eER™ | z* = / ¥ (w)dP(w), z*(-) : measurable, z* (w) € Of (x,w) a.e.}.
Q

1s2 Lemma B.5. [59] Let f1,..., fm : R" — (—o00,+00] be convex functions. Define f(x) =
1es max{f1(x),..., fm(x)}, VYV €R™ Forxz € (.-, domf; define I(xo) = {i| fi(xo) = f(z0)}.
1184 Then O f (o) = comv U, e (4 0.fi(20)-

1185 Lemma B.6. [59] Let f : R® — R be a convex continuous function. We consider the minimizer x*
1186 of the function [ over the set B. Then for x* to be locally optimal it is necessary that

Of(z*)+ Np(z*) 20

1187 where N'g denotes the normal cone of set B. If B = R4, let K := {k € [d],z} # 0}. Then there
1188 exists a subgradient § € Of (x*), such that for all k € [d] we have § > 0 and Vk € K, &, = 0.

1180 Proof of Theorem[5] From the above analysis, it follows that the Lagrange function can be written as

N
LA ) = 1= 30 3 pas (MM (a, k), G () ) = 30 (A + AP

k=1acA ugEU,

_Z Z Méli)uk—’_'ukuzzc)flk

kE[N] wi, k€U K

1190 We first consider the inner optimization problem miny,c,~ L(h, A, 1), which is equivalent to opti-
1191 mize

hIIél%X V h A ,LL Z Zpak<]_\/_[)‘n“ a, k) Cas k(hk)>

k=1lacA
1 a, 1 a

1192 where MM (a, k) :=1 — ﬁ {Zugeu (/\( ) )\uq))D k — D e, k(,u,(C 2“ i ,u,(C 1)“ )C)Du’l’jc )
1193 Considering the personalized attribute-aware classifier hk(x, a), k € [N] in post-processing, the inner
1194 function turns to

N

VA ) =30 pas(MM(a, k), € ()

k= laEA

Z Zpak/ r,a, k)] TV (a, k) (i, ) AP,

k=1lacA

An explicit optimal solution of personalized classifier is that
hyt(x,a) = arg max([M’\’“(a, k)]Tn(x, a, k)) .
y€[m] J

1195 If the maximum entry of the output vector occurs at multiple indices, one of them is randomly selected
1196  as the predicted class. Thus, the dual problem can be formulated as

mlnH A, 1) Z Zpa kX Fx, [max ([Mkv#(a,k)]Tn(X, a, k))y} + &9 Z (/\1812 + )\&29))

y€[m]

k€[N]acA ug €Uy
Lk 1) (2)
+ Z & Z 'ukulk+'uk,uz,k)'
ke[N] ug,k €EULE

(42)

38



1197 Before exploring the optimal solution of outer optimization, we first prove that the optimal dual
N

1198 parameter \* € Ri‘g"‘, € R2 k=1 Mkl 36 bounded. Define the Hilbert spaceon F :={f : X —

1199 R™} with inner product (f, g) f v [ TgdP(x). Then the classifier space H : X — A,, is a convex

1200 subset of . Therefore, we can also consider the topology structure on A or H!l. Since we assume
1201 that V&9, £5F > 0, the feasible set of the primal problem is non-empty, it indicates that the feasible set
1202 of the primal problem has non-empty interior for any positive £9, £5:F. Tt is clear that for V&9, £5F > 0,
1203 the dual problem

min £(h, X, 1) =1 = H(\, p1) < R(h) < Romax (D747

1204 where hf%" denotes a classifier that satisfies fairness constraints for given £9, 4% > 0. Hence, we
1205 arrive at

H(\,p) > 1 = Rpax(h747) > 0 (43)

1206 holds for all A\, 2 > 0. Notice that given X, . > 0, this inequality holds for any £9, 4% > 0. Let
1207 €9 — 0,€4% — 0, combining (@2) and (@3) gives that

-
S Y vk E | max ([MM(a, k)] (X a.k)) | >0 ”

revjaea Pk velm] v “)
1208 Therefore, the dual problem has lower bound

HQp) 2 € 37 (A +A2) + Z EF DT (g, + Hi) (45)

ug €U,y N] ug, k€U K

1209 It presents that, as ||A||; — oo or ||u||1 — oo, there must be H (A, 1) — oo, which conflicts with
1210 the dual problem miny ,, H (A, u). Hence, the optimal A*, 11* of dual problem miny , H (X, ;) must
1211 have bounded norms, denoting as ||A||1 < By, ||¢|l1 < Ba.

1212 Now we consider the differential of H (A, p). It is clear that {S, = {x € X' : hi(z,a) =y}, y €

1213 [m]} constructs a partition of the feature space X'. Hence, for dual parameter )\&1), since the outer
1214 objective H is convex to A and p, by the additivity subgradients and Lemma the differential
1215 H(\, ) can be formulated as

b
@
ENS

OSHO = Y Y e E s[5

A kE[N] a€ A AN veim

] ([MA *(a, k)] (X,a,k:))y} + &9, (46)

1216 With a slight abusion of notation, let score function f(z,a,k) = [M**(a, k)]Tn(a:,a, k), by
1217 Lemma[B.3} we have

A,
B [8/\(1 ye[m]([M (a, k)] " (X,a,k))y} @7)
= [95 mas ([M(a, 0] (a0, k) |aP () (48)
G =y LoAT) vl y
1
= Z / R conv U —[n($7a,k)]TDZ’gkey dPlfk(x)
Pak yE€[m] {a:hy " (2,0) =y} i€arg max; (fi(z,a,k))
(49)
_ - k) D% e, | aPX
[77(95707 )] Ug €y a,k(x)
Pa,k vem] {x:fy (z,a,k)> fi(z,a,k),Vity,i€[m]}
+/ [*bt[T](lL’,Q, k)]T])ﬁqu(gtfey)} dek(x)}, (50)
B ¢

1218 where B} := {3t # v, fi(x,a,k) > fi(z,a,k),Vi € [m]; fi(x,a,k) = f,(x,a,k)} withb; € [0,1].
1219 Since the convex hull is a interval here, by Caratheodory’s theorem, it can be characterized by
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two point here (the initial point e, and another point e; in the convex hull). Without loss of
generality, we assume the existence of one e; such that fi(z,a,k) = f,(z,a, k) here. We know

that f,(z,a,k) — f,(z,a,k) = [n(z,a, k)] "M (a, k)(e! — e¥). With Asumption [1} we obtain
that the measure of BZ is 0, unless the ¢-th and y-th column of M*+#(a, k) are equal. An effective
simplification is to exclude all X', i/ that cause M #' (a, k)(e! — e¥) = 0. Since we suppose
that the non-zero columns of each DZ”“ are distinct, the dual parameter X', u’ € Sty such that

MM (a, k) (et — e¥) = 0, constructs the empty relative interior in the dual parameter space. By
the convexity of the objective function, we have infy ,¢g, =~ H(A, ) = miny ;, H(A, 1), due to the

density of (A, 1) & St 4.

Overall, under the assumptions of the theorem, we have that Bf/ has a measure of zero. It follows that

o= 5 [ [ (o] e a) Jorde e

1
8)‘7(‘9) kE[N] ac A ye[m] {a h (@,a)
= Z Z/ n(z,a, k Dz;khz’“(x,a)dpfk(x) + &9
ke[N] ac A '
_ _@59 (h’\’“) +¢9 51

In a similar manner, we can derive

O HO ) = ZZ/ (z,a, k)] ' DEFR (2, ) AP, () + €°

a)\uy kE[N]acA
= 27 (b)) +¢7 (52)

Considering paired optimal dual parameter )\ug ,t=1,2,by Lemma if )\Sg)*, )\7&25)* > 0, we
have

uq

A", Aoy
28 (B ) = 9, 7 (W) = €7,
which leads to a contradiction. If /\q(}g * =, )\ui)* =0, we have
29 (1) > —¢9, 29 (hMF) < ¢,
1t A" = 0, A" > 0, we have
79 (0N ) > —¢9, 99 (W) = ¢,
If )\z(}g)* >0, )\7%)* = 0, we have
79 (hNF) = —¢9, 29 (W) < ¢v.

Overall, we have shown that for all u, € U, |2}, (hA"1)| < €9,

The local fairness guarantee also can be derived from the optimality of x*. The proof techniques
are extremely similar to our proof with respect to A*. Hence, we omit the proof of the local fairness

guarantee here. The result turns out that |@i’ffk(h>"“*)| < bk ke [N].

The next step is to prove that the classifier h* *" is the optimal solution of the primal problem (@.
From the proof above, we can obtain that, for Vu, € Uy,

(L) = AN Z7(0™#7) = () + A0 =
which satisfies the optimality conditions for the dual solutlon of the constrained optimization problem.
The same holds for the local fairness constraints 2% (h*"*"). Consequently, the Lagrangian function
equals to risk function when plugging in optimal classifier, £(h* *", \*, u*) = R(h*"**"). For any
other classifiers h’ that satisfies the global and local fairness constraints, denoting its corresponding
dual parameter to maximize the outer problem as X', 11/, it can be deduced that

LWR N p) < LW, N, i) < R(W).
Therefore, we arrive at
RN H) = LB 2%, 1*) < R(R).
This completes the proof. O
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B.7 Proof of Prosition [6]

Note that \ € Rilog "and Wi € Rmul “l the operator || - ||1 is linear in dual parameters’ domain. We
can just write
)‘ ,uk Zaﬂ M lu a’lak)] (xiva%k)) + fg Z (Aglg) + )‘1(129))
ug €Uy

fl’k 1 2
D (i, )

uy, k€U K

NAN. 1L L 2 1 2
where MA’I (CL, k) =1 1k {Zugeu ()\ )\7(*9))Da , Zuz KEUL K (MI(C 1)“ ko MI(C 1)u K )DZ}k’J

m exp(zi/B)
z:z 1 E: . exp(z;/B) Li-

and og(x) =

Convexity. The M # (a, k) is linear to A and %, and the soft-max operator is convex. Since the

composition of an affine mapping and a convex function preserves convexity, H (A, ) is convex to
Aand .

Smoothness. Consider the soft-max weighted sum og(z) = >0, % z;, and its
Hessian matrix is given by H, (z) := VZ03(z), [H,(z)]i; = & [(2 + &5 ‘T)]I(z =7j)—p; (2 +

7Ii+;j_i)].ForVi,j € m,if |lz], < R,

48+ 6R

l((QJF%)JF(H%)) = =%

[[Ho(2)]ij] < 3

Hence, its spectral norm is bounded,

| Ho (2)lls < |Ho(@)lr < (S [HoI3)® < mPEOR

ij 2
i,j€[m] b

Then, there exists a finite constant L, := m4’83'26p°, such that ||V205(x)|]2 < L,.
For each sample 7 = 1,.. ., ng, define the affine map

. 37 —2 ~ .

zi(A) = Aj A+ by, [AZ-]ELJ) = ‘z [n(xi,ai,k)]TDZ’“k for ,\53% j=1,2.
i Pa,k g g
m i/ B

Set fi(\) = Uﬁ(zi(/\)). and let f;(\) = 0’[3(27;(/\)), og(x) = ZJ 1 Zm i a7 Tj
By the chain rule and second-order derivatives, Vy f;(\) = A;Vmag (zl()\)) fl( ) =
A/ [V?05(2(\))] Ai. Hence, due to the boundedness of [|A||1, the inside z;()\) is bounded, set-

My < Al sup,|[V2os(2)],
| A:|13 Lo, showing f; is || Ai||3L,-smooth. The linear term in X has zero Hessian. Therefore, since
the average of smooth functions is smooth with averaged constants, the function H (A, ) is L-
smooth in A with L = rle > 1A |13 L, . Following the similar proof procedure, we can obtain the

smoothness of ITI,'C (A, pge) to fug. O

B.8 Generalization Error For Post-processing Algorithm

We begin by introducing some notations and simplifications, same as the proof of Theorem[9] Without
loss of generalization, let n = ny = - - - = ny, present the sample number in local datasets. Denote
Pajk := P(A = a|K = k), pmin := MiNgec 4 ke[N] Pajk- ASSUME Nypin > 1 denotes the sample size
of the sensitive group with the fewest observations across all clients.

Theorem 10. If classifiers h* = (71’1‘, e ,EZ) with dual parameters (X*, 1) form an optimal solution
of the empirical plug-in estimation of (7), denoting p(n,d) = \/Swm2 log(nt1) \/210g(m2n|A‘N/6),
B, = max,eanev [DEF[I, By = maxeeanen [IDEF]1,Q8 = maxeeqpe [DLF —

41



1278

1279

1280

1281

1282

1283
1284

1285

1286

1287

1288
1289
1290
1291

1292

1293
1294
1295

Dak||oo, and By, = maxgeq |D
Dk loo, k& € [IV].

Ul k

Bl k= MaXgecA HD Ql b= = IMaXgeA ||Dul ko

ulth ulk”l’

2|A|NBy.x
Pmin&?

(1) Let0 < § < 1, suppose that n. > +

log 1 5

2pmm

ANB,

min

|29(07)] < €2 + O(LAIN Byp(n, 5/|Allt4y ) + @ +

2AlBy o7 1 Jog i 5, then with probability at least

Pmin&bF Prin

(2) Let 0 < § < 1, suppose that n. >

|A|By.x

min

(2" ([0)] < € + O(ABrip(n, N6 /| AllUy]) + 24F + ke [N].
The proof of Theorem [I0]needs the following lemma.

Lemma B.7. Let X1,..., X, be independent Bernoulli(p) random variables and define S, =
S X Fix any M € (0,np) and confidence level § € (0,1). If the sample size satisfies n >
Moy 2p log & 5 then we have ]P’(S > M) > 1-09.

Proof of Lemma By Hoeffding’s inequality, for any ¢ > 0, P(S, —E[S,] < —t) < exp<f¥).
Since E[S,,] = np, sett = np — M. Then

2 — M)?
]P’(Sn < M) = ]P’(Sn —np < —(np — M)) < exp(—%)
To guarantee P(S,, < M) < 6, it suffices that w > log}. Substitute n = 2 ﬁ log 1.
Then np — M = (% + 5,7 log %)p — M = M + 5, log 3, and one can check
2

2 (np — M)? (MJrﬁlog%) 1

= 2M 1 > log=

n ==+ 3 log 5 )
HenceIE”(S’ngM)Sé,i.e.IP’(Sn>M)21—§. O

B.8.1 Proof of Theorem [10]

We first consider the generalization error of the fairness constraints. Without loss of generalization,
here we only prove the generalization error for global fairness constraints and corresponding parameter
A. The proof technique for local fairness constraints and corresponding parameter p is extremely
similar to that for global fairness constraints.

We know that the personalized attribute-aware empirical classifier can be written as

AT

h2 o (z,a) := arg max [MA " (a, k)] n(z,a, k) (53)

y€[m]
As h depends on the Bayes score function 7, we can consider the input as (mx; =
N(@k,is k,ir k), aki, Yr,i)- Let E?,/jk(ﬁva,% h) = H(y = 1A h( ) = jANa = da). Then we
a’k > ~
have C ;"(h) = E[¢] ;" (n,y,a; h)] and C;{ (h)y =137, 0 *(Nk. 2y Qk,2» Yk,2). Then we turn
to consider the VC dimension of the function class ’Hw,a/ ={h:(z,a,y) > Wy =iAh(n) =

j Aa=a')}. Thanks to the classifier’s specific structural form (33, we can directly state an explicit
upper bound on its VC dimension: for given class j,

~

hi(w,) = j = Inw,a, k)] (MY (0, 0)] = [MY 7 (0, k)] ) 20, Vi £ j € [m]
which can be regarded as the intersection of m — 1 half-spaces given 7 ;, aj ;. A single halfspace

function class can be viewed as the class of linear classifiers, possessing a VC dimension of m. By the
additive property of VC dimension, for function classes {G; }!,, VC (A/~, Gi) < > it VC (G,),
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the function class H; j .- has VC dimension at most O(|.A|m?). By taking a union bound in the
Lemma[B.3] we have that with probability at least 1 — 4,

~ 2 2
sup max maXHCa,k(h)_Ca,k(h)Hoo < O(\/8|A|m lzg(n—&-l) +\/QIOg(m |A|N/6))

heFy kE[N] acA n

= O(p(n,0)).

Hence, for the global fairness constraints .@39 with the empirical optimal solution i’\l*, by the
generalization bound in (29), we have that,

74 (h) — 29 (h) < O(p(n. 6/|A|)|AIN B, + Q5.

Now we consider the bound on empirical _@9 (h*) The empirical optimal dual parameter A* and T
are obtained by the empirical dual function:

Na,k

P max (MM (a, k)] A a k) [+ S AL +aR)
Z (126.:4 kiz_:[yém ( ] )lj ug;{g
+ 3T (g, ) (54)
k€E[N] uy, k€U

This representation is fully consistent with that given in (8] restricting to group-a observations within
the k-th client’s data, where n, ;, denotes the sample number of group a in client k. Considering the

subgradient of the empirical dual function w.r.t. )\1(419), by the additivity of subgradient,

d < oa
Z Zpak Zl [3)\1(}9) ;161% ([M’\’“(a k)] n(z;, a, k))y} + €9 (55)

—m
a)\ug ke[N]acA
(56)

Denoting empirical score function f(x, a, k) = [M)‘ "(a, k)] n(z,a, k), by Lemma we have

Na,k

> (g s (@] o)

Na,k

B ;ygn] ) = )[3)\8(1) ue[m] ([M)"“(a k)} Az, a, k))y] +&

Na,k

Z Z I hk (zi,0) = y) [conv( U — (s, a, k)]T]A)Z;keZ-)]

i=1 y€[m)]

pak

i€arg max;em f7 (z,a,k)
1 Na k
= Z Z { —1I (fy(wivaak) > fj(xiaaak)avj 7£ .77] € [m]> [ﬁ(‘rivaa k)]TDZ;key

pak i=1 ye[m)

+1 (:vl € B;) [—bt[ﬁ(x, a, k)]Tf)quk(et — ey)} }

where B; = {‘T = 7& Y, ft(’rv a, k) Z fl(:r7 a, k'),VZ € [m]) ft(x7 @, k) = fy('ra a, k)} and
b: € [0,1]. According to Carathéodory’s theorem, the subgradient interval can still be represented by
two points. According to our assumption, the plug-in estimator 7 still meet the continuity assumption
and we exclude singular \’, i’ Therefore, we know that

P <Z 1(3t Ay, folwisa k) = Fi(wi, a,k),¥i € m]; filwi, a,k) = Jy(i,0,k)) < 1) -
i1

(57
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1310 Hence, the subgradient falls into an interval. Since [7}(x;, a, k)]TﬁZfet < [z, a, k)]TﬁZ’ngl <

1311 By, denoting Ny 1= Minge 4, ke[N] Ta,k and By, we have that

: Z Z Z[ [, a, k)] "D (i, )}+§9 (58)

8)\7(1‘19 aE.A ak
1 -~
+ > > B (59)
kE[N]acA BF
~ A|NB
<— 29 (h)+& + | Tl — (60)
1312 On the other hand,
. 1 ek SN
a (1) H(A :u’) Z Nk Z |:_ [ﬁ(miaa7k)]TDZ;khk(xi7a):| +§g (61)
Ug kE€[N]acA ™% i=1
1 ~
— B, (62)
ke[N]acA Ma.k
-~ NB
— 9, + ¢ - AN 63
1313 Hence, we obtain that
o ~ ~. |AINB, ~, ~.. |ANB
——H(\ —¢9c| -2 (h*) - """ —99 (h* L
T = < | = 20, (50) - T 7y ey
1314 In a similar manner, we can derive the range of subgradient for )\222 s
d ~ ~.. |ANB ~..  |AINB
——H(\ — &9 9 (h* 9 29 (h* Ll )
oA T = e e [@“9< )T KAk Mumin

2| A|N By +

Since we assume that n > 7
Pmin§ pmm

last 1 — |.A|0,

log & 5. by Lemma. we have that with probability at

Nomin > |A|NB9 PR é-g > |A|NB9
- fg o Nmin

1315 Con51der the optlmahty of /\ulq),/\g, by Lemma if Xq(}g) > O,Xq(fg) > 0, we have 0 €
()\*,u) 0 €3 (2) (A*,u). Thus,

1316

aA(l)
178, 0) - ) < XD
g - Nmin
e |AINB,
|23, (h*) + &7 < r——

1317 which leads to a contradiction. For other cases, such as /\ 1) = )\(2 0; /\(1) > 0, )\ 2) =0, and
1318 /):,(}g) =0, )\7(3) > 0, as discussed in the proof of Theoreml it turns out that

s AINB,

Tmin
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1319 By taking a union bound, we obtain that with probability at least 1 — 2|.A|4,

AINB,

Timin

|29(07)] < €2 + O(p(n, /| Al[Uy] )| AIN B, + Q5 +

1320 For local fairness constraints @”“(ﬂ*), following the same proof procedures, we arrive at that with
1321 probability at least 1 — 2|.A]4,

|A|By

Nmin

|7, (0)| < €% + O(p(n, N§/| AUy |)|A|Br + Q5 +

1322 O
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C Additional Datasets and Experimental Setting

C.1 Datasets and Experimental Details

C.1.1 Datasets

* The Compas dataset [20] comprises 6,172 criminal defendants from Broward County, Florida,
between 2013 and 2014, with the task of predicting whether a defendant will recidivate within
two years of their initial risk assessment. We consider the race of each individual as the sensitive
attribute and train a logistic classifier as our prediction model.

* The Adult dataset [4] comprises more than 45000 samples based on 1994 U.S. census data, where
the task is to predict whether the annual income of an individual is above $50,000. We consider
the gender of each individual as the sensitive attribute and train the logistic regression as the
classification model.

* The ENEM dataset [36] contains about 1.4 million samples from Brazilian college entrance exam
scores along with student demographic information. We follow [3]] to quantized the exam score
into 2 or 5 classes as label, and consider race as sensitive attribute. As [3]] used a random subset
of 50K samples, we instead sample 100K data points to construct our federated dataset. We train
multilayer perceptron (MLP) as the classification model.

* The CelebA dataset [83] is a facial image dataset consists of about 200k instances with 40 binary
attribute annotations. We identify the binary feature smile as target attributes which aims to predict
whether the individuals in the images exhibit a smiling expression. The race of individuals is
chosen as sensitive attribute. We train Resnet18 [34] on CelebA as the classification model.

The determination of sensitive attributes and labels on three datasets has been verified significant in
previous research [3}31]].

C.1.2 Baselines

We compare the performance of FedFACT with traditional FedAvg [50] and five SOTA methods
tailored for calibrating global and local fairness in FL, namely FairFed [29], FedFB [81], FCFL [17],
praFFL [77], and the method in [23]], denoted as Cost in our experiments.

* FedAvg serves as a core Federated Learning model and provides the baseline for our experiments.
It works by computing updates on each client’s local dataset and subsequently aggregating these
updates on a central server via averaging.

¢ FairFed introduces an approach to adaptively adjust the aggregation weights of different clients
based on their local fairness metric to train federated model with global fairness guarantee.

* FedFB presents a FairBatch-based approach [60] to compute the coefficients of FairBatch param-
eters on the server. This method integrates global reweighting for each client into the FedAvg
framework to fulfill fairness objectives.

* FCFL proposed a two-stage optimization to solve a multi-objective optimization with fairness
constraints. The prediction loss at each local client is treated as an objective, and FCFL maximize
the worst-performing client while considering fairness constraints by optimizing a surrogate
maximum function involving all objectives.

» praFFL proposed a preference-aware federated learning scheme that integrates client-specific
preference vectors into both the shared and personalized model components via a hypernetwork. It
is theoretically proven to linearly converge to Pareto-optimal personalized models for each client’s
preference.

* [23] proposed a convex-programming-based post-processing framework that characterizes and
enforces the minimum accuracy loss required to satisfy specified levels of both local and global
fairness constraints in multi-class federated learning by approximating the region under the ROC
hypersurface with a simplex and solving a linear program, denoted as Cost in our experiments.

Meanwhile, we adapt FedFACT to focus solely on global or local fairness in FL, denoted as FedFACT,
and FedFACT;. FedFACT g, indicates the algorithm simultaneously achieving global and local
fairness. The FedFACT (In) presents the in-processing method and FedFACT (Post) presents the
post-processing method.

46



1373

1374

1375

1376
1377
1378
1379

1380

1381
1382

1383

1384
1385
1386
1387
1388
1389
1390
1391

1392
1393
1394
1395
1396

1397
1398

C.1.3 Parameter Settings

We provide hyperparameter selection ranges for each model in Table[d] For all other hyperparameters,
we follow the codes provided by authors and retain their default parameter settings.

Table 4: Hyperparameter Selection Ranges

Model Hyperparameter Ranges
Learning rate {0.0001, 0.001, 0.003,
0.005, 0.01, 0.03,0.05}
General Global round {20, 30, 50, 80}
Local round {10, 20, 30, 50}
Local batch size {128, 256, 512}
Hidden layer {16, 32, 64}
Optimizer {Adam, SGD}
FedFB Step size («) {0.005, 0.01, 0.05, 0.3}
. Fairness budget (3) {0.01, 0.05, 0.5, 1}
FairFed Local debiasing (@) {0.005, 0.01, 0.05)
FCFL Fairness constraint (¢) {0.01, 0.03, 0.05, 0.07}
praFFL Diversity () {10, 15, 20}
Classifier number 1

FedFACT (In) w! learning rate (n,,)  {0.03, 0.3}
Dual parameter bound 5

Temperature /3 0.1

FedFACT (Post) Dual parameter bound 5

For the fairness-control parameters, e.g., the parameter A in praFFL [77] and the global and local
fairness constraints in Cost [23]], we impose stringent fairness requirements on the model in our
overall comparative experiments, and we adjust the parameters governing the fairness metrics in the
Pareto-curve experiments.

C.14 Experiments Compute Resources

We conducted our experiments on a GPU server equipped with 8 CPUs and two NVIDIA RTX 4090s
(24G).

C.2 Discussion about FedFACT and LoGoFair [82]

LogoFair [82] is designed for binary-classification in federated learning under both global and local
fairness constraints, seeking the Bayes-optimal classifier. By deriving a closed-form solution for
the fair Bayes classifier, LogoFair reformulates the post-processing fairness adjustment as a bilevel
optimization problem jointly solved by the server and clients, which is an approach conceptually
analogous to our post-processing framework. In binary classification, FedFact and LogoFair both
target Bayes-optimal classifiers under constraints disparity metrics expressed in linear form. Theoret-
ically, for an identical fairness metric, our Bayes-optimal fair classifier characterization covers that of
LogoFair. Consequently, we refrain from performing a comparative evaluation of the two approaches.

Our method differs by defining the loss at the client level, thereby achieving lower estimation error
than the local group-specific objective in [82]. Crucially, by formulating the post-processing model
over the probabilistic simplex instead of restricting outputs to the unit interval [0, 1] in the binary
case, our framework achieves enhanced scalability and naturally adaptable to multi-group, multiclass
settings.

Note that, whether for binary or multiclass settings, our implementation of FedFACT is based on
calibrating confusion matrices over the multi-dimensional probabilistic simplex.
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C.3 Heterogeneous Split of Client Distribution

We propose a partitioning method that introduces heterogeneous correlations between the sensitive
attribute A and label Y, thereby further elucidating the trade-off between global fairness and local
fairness [30].

Heterogeneous Split. We assume a dataset D of n samples, each with a binary attribute A and a
binary label Y. We denote by n,; = [{ z¢,a¢,ye : (a¢ =14, y, = j)}| the number of samples in
joint class (i, j) for i, 7 € {0,1}. Our goal is to partition D into N disjoint subsets (one per client)
such that in client k& € [N], the correlation between A and Y is controlled by a target parameter
vk € [a,b] C [0, 1]. To achieve this, we first assign each client k a weight

wl(ci’j) _ {77@7 (27]) € {(0,0), (1, 1)},

1- V&> (Z’.]) € {(170)7 (Ov 1)}
Then for each joint class (i, j) we compute the total weight W) =3 w](f’j ) and assign to
client & a preliminary count cg’j ) = L(wf@” ) JW D)) ;|- Any remaining samples are distributed
one by one to the clients with the largest fractional remainders, so that Zszl cgj’j ) = n;;. Finally,
for each class (i, j) we shuffle its n;; sample indices and slice them into blocks of size cg’j ). Client
k then collects all its four blocks across (i, j), yielding a partition that in expectation realizes the

desired within-client correlation ~y; between A and Y.

This approach can be regarded as a generalization of the synergy-level-based heterogeneous split
in [30]] to the multi-client setting, where the A-Y correlation for each client is governed by a parameter
randomly drawn from [a, b] C [0, 1], thereby yielding a more pronounced balance between global
fairness and local fairness. Throughout the experimental evaluation, we set v, € [0.2, 0.8] to
guarantee that every client has a sufficient number of sensitive group samples to assess local fairness.

D Detailed Experiments Results

D.1 Comparison Result and binary EO criterion

Parato Curves of DP. We have already presented the numerical comparison between our proposed
method and the baselines in the main text; here, we report the Pareto curves illustrating the trade-off
between global fairness and accuracy. More precisely, we compare the trade-off between accuracy
and the global fairness measure, as well as the trade-off between accuracy and the local fairness
measure, as a function of the fairness constraint.

The Pareto curve for the global DP criterion is shown in Figure [I| where the horizontal axis denotes
accuracy and the vertical axis represents the fairness metric. Consequently, models located closer to
the upper-right corner exhibit superior accuracy-fairness trade-offs. As illustrated in Figure[I] our
method outperforms all existing state-of-the-art approaches when comparing accuracy against either
global fairness in isolation.

FedFACT(In) @ FedFACT(Post) FedFB A Cost <« FairFed »  pralFL

Compas Adult CelebA 072 ENEM

’\‘—H—Hﬁ 0.84 0.88
0.65 ‘\’\’M %, 0.70
’ o —— 0.86 -
g $0.82 ’ 8 0.68 o
< < <"
0.60 < \\ " I .\\
. 0.66
0.80 082

<

Acc

09591 010 005 0.0 10 0.05 000 0.000 0.0 0050 0.025 0000 000 0.05 0.00

gelobal gyelobal gelobal gelobal
DP Dp bp DP
Figure 1: The Pareto frontier on Compas, Adult, CelebA and ENEM datasets. The curve closer to the upper

right corner indicates a better trade-off between accuracy and fairness.

This result not only demonstrates that our model achieves a more favorable accuracy-fairness balance
but also highlights its controllability: by tuning the fairness constraints, one can satisfy diverse
fairness requirements.
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Parato Curves of EQ. In Figure [2] we illustrate the Pareto curve for the Equalized Odds (EO)
criterion-accuracy. Because EO enforces tighter constraints than DP, precise adherence in a federated
context requires large per-group sample counts at each client. Hence, we also compare the global
EO here. Our framework still exceeds all state-of-the-art baselines in trading off accuracy against
fairness.

FedFACT(In) 4 FedFACT(Post) FedFB A Cost 4 FairFed
Compas Adult CelebA 0 ENEM
— | 08 -
0.65 088 « 0701 +—o—o—ego
5} I3} 5} \ @
é <.\\‘ é 0.83 <° z 0.68
0.60
\\\ 0.86 ose| TR
0.82
099515 010 005 000 005 006 004 002 0.0 0.04 0.02 .00 00510 0.05 0.00
_ global global _ global global
52EO 9EO 9E0 9EO

Figure 2: The Pareto frontier on Compas, Adult, CelebA and ENEM datasets. The curve closer to the upper
right corner indicates a better trade-off between accuracy and fairness.

D.2 Result for multi-class classification

Multi-Class fair datasets. We illustrate how FedFACT performs on multi-class prediction using
CelebA and ENEM. For CelebA, with *Gender’ still serving as the sensitive attribute, We employ the
binary attributes “Smile” and “Big_Nose” to construct a multiclass task by mapping their joint values
{0,1} x {0, 1} onto a four-class label set {0, 1, 2, 3}, thereby formulating a multiclass classification
problem on the CelebA dataset. These attributes are commonly used in centralized machine learning
literature [12] |84] to construct fairness-aware classification tasks. For ENEM, we follow [3]] to
quantize the Humanities exam score to 5 classes. In order to guarantee adequate per-group sample
sizes at each client in heterogeneous settings for fairness evaluation (or some clients only hold less
than 10 samples for specific group under heterogeneous partitioning), we adopt the four race labels
“Branca,” “Preta,” “Parda,” and “Amarela” from the Race attribute as the sensitive groups. These
datasets are partitioned into five clients under a heterogeneous split with v = 1.

Evaluation. In terms of baselines, only the Cost [23] algorithm is theoretically applicable to fairness
optimization in multiclass federated learning scenarios. However, their experiments and code are
limited to binary classification, and have already been used as baselines for comparison with our
method. Consequently, we focus exclusively on reporting FedFACT’s performance along with
FedAvg in multiclass fairness, establishing it as a pioneering approach in this setting. In Figure [3| we
plot the global-local fairness-accuracy trade-off of FedFACT in the multi-class classification task.
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Figure 3: Multi-Class Fair Classification Results. Multiclass fairness calibration experiments in federated
learning on the CelebA and ENEM datasets. The top panels depict global and local multiclass Demographic
Parity (DP) results, while the bottom panels show global and local multiclass Equal Opportunity (EOP) outcomes.
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Multi-Class Results. The outcomes of the multiclass experiments do not parallel those in the
binary setting, where post-processing methods vastly outperform alternatives; instead, performance is
comparatively lower. This can be attributed to the paucity of local samples for fairness evaluation at
individual clients, which causes post-processing under joint global and local fairness constraints to
incur significant generalization error and thus fail to precisely enforce local fairness (e.g. multiclass
local EOP experiments in Figure[3). Under these conditions, the in-training approach, leveraging glob-
ally aggregated data, offers superior fairness calibration, thereby underscoring the complementarity
of the two methods we introduce.

D.3 Additional Experiments for Adjusting Accuracy-Fairness Trade-Off

In Table[5} we present additional experiments on the Compas and Adult datasets under the heteroge-
neous split to illustrate the adjustment of the accuracy-fairness trade-off. Compared to the results in
the main text, this partitioning yields a more pronounced trade-off between global and local fairness.

Table 5: Additional Accuracy-Fairness Balance.
Dataset Compas (In-) Adult (In-) Compas (Post-) Adult (Post-)
(gg gl) Acc (j’glubul @Iocal Acc gglubal @loz:ul Acc @glnbal (j’louul Acc @glubal (jlm:al

(0.00,0.00) 60.22  0.0404 0.0745 80.99 0.0021 0.0407 64.56 0.0083 0.0075 81.25 0.0139 0.0275
(0.02,0.00) 60.61 0.0436 0.0734 81.04 0.0021 0.0423 64.78 0.0091 0.0099 81.56 0.0146 0.0285
(0.04,0.00) 60.90 0.0490 0.0737 81.09 0.0039 0.0446 65.04 0.0123 0.0099 81.62 0.0147 0.0285
(0.00,0.02) 60.80 0.0499 0.0744 81.18 0.0046 0.0411 6494 0.0146 0.0214 81.82 0.0238 0.0381
(0.02,0.02) 61.03 0.0503 0.0726 81.64 0.0315 0.0463 65.12 0.0311 0.0306 82.04 0.0240 0.0381
(0.04,0.02) 61.32 0.0555 0.0774 81.65 0.0318 0.0467 65.57 0.0378 0.0371 82.16 0.0257 0.0397
(0.00,0.04) 61.18 0.0581 0.0804 81.31 0.0053 0.0444 65.16 0.0294 0.0517 82.46 0.0350 0.0492
(0.02,0.04) 61.39 0.0644 0.0753 81.67 0.0177 0.0452 65.16 0.0412 0.0419 8249 0.0346 0.0497
(0.04,0.04) 6239 0.0878 0.0966 82.14 0.0486 0.0497 65.82 0.0507 0.0574 82.63 0.0350 0.0518

Note that the gap between the imposed constraints and the observed fairness metrics stems from
the inevitable generalization error incurred with finite local samples. Consequently, global fair-
ness exhibits greater controllability than local fairness. In practice, FedFACT remains capable of
tuning the accuracy-fairness balance according to the specified fairness constraints, highlighting the
controllability inherent in our approach.

D.4 Hyper-Parameter Experiments

In this subsection, we examine the impact of the number of classifiers in the in-processing method.
Specifically, we incrementally increase the size of the weighted ensemble—from using only the most
recently trained classifier up to including the ten preceding classifiers. Let Ny, represent the number of
classifiers comprising the weighted ensemble. As reported in Table[6] we observe that augmenting the
ensemble with multiple classifiers yields negligible improvements and can even degrade performance
when earlier classifiers have not been fully trained. Consequently, in light of these empirical findings,
all in-processing experiments in this work utilize only the single most recently obtained classifier.

Table 6: Hyper-Parameter Experimental Results.
Compas Adult CelebA ENEM
Acc _@global _@lncal Acc _@glnba,l _@local Acc _@glnbal _gjlm:a,l Acc _@glabal _@lncu]

Nh

1 61.17 0.0407 0.0732 82.04 0.0014 0.0401 86.15 0.0382 0.0473 68.33 0.0493 0.0487
2 6129 0.0408 0.0731 81.24 0.0015 0.0416 8554 0.0382 0.0482 68.54 0.0485 0.0492
5
10

61.18 0.0410 0.0723 81.63 0.0032 0.0397 8591 0.0377 0.0472 68.41 0.0507 0.0490
61.14 0.0404 0.0736 81.91 0.0048 0.0399 86.59 0.0384 0.0471 68.11 0.0498 0.0483

D.5 Efficiency and Scalability Study

In this section, we conduct out experiments with DP criterion to examine the communication cost
and scalability of FedFACT.
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Efficiency. We evaluate the communication efficiency of FedFACT by monitoring its performance
across varying numbers of communication rounds 7'. As illustrated in Figure ] the post-processing
method, built upon a fully trained pre-trained model, consistently achieves convergence in fewer
than 10 communication rounds, underscoring its high efficiency. The in-processing method likewise
converges in under 40 iterations; given that it requires training the federated model from scratch, this
performance is comparable to the convergence speed of FedAvg, making it highly effective compared
to existing federated learning algorithms.
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Figure 4: Communication Effectiveness Analysis. The convergence rates of both the in-processing (top row) and
post-processing (bottom row) methods with respect to communication rounds on Compas, Adult, CelebA, and
ENEM datasets.

Overall, whether employing the in-processing or post-processing method, all three performance
metrics rapidly converge to stable values across each of the four datasets, empirically confirming
both the communication efficiency and the overall effectiveness of FedFACT.

Scalability. We evaluate FedFACT’s performance as the number of clients varies from 2 to 50 on
all four datasets, with heterogeneity parameter v = 5 to ensure that each local client has adequate
samples for assessing local fairness. The results, shown in Figure 5] indicate that on each dataset,
there is an upward shift in the metric as the client count increases. Enforcing fairness constraints,
especially via the in-processing method, sometimes necessitates a modest loss in accuracy, and the
post-processing approach on the Compas dataset exhibits pronounced fairness fluctuations due to
substantial generalization error when sample sizes are small. Aside from this, our method reliably
bounds the model’s fairness, underscoring its robustness to variations in client population.

E Broader Impacts and Limitations

Broader Impacts. This paper addresses critical fairness issues in FL. By embedding fairness
constraints at both the global and client levels, our framework delivers models that distribute accuracy
more equitably, bolstering user confidence and mitigating bias amplification. The contributions of
this research enhance user satisfaction and promote social equity. This fairness-aware approach
extends readily to high-stakes classification tasks beyond FL: for instance, clinical decision support
in hospital networks, vision-based detection systems, and financial fraud alerts. Integrating fairness
into decentralized model training promotes privacy-preserving, equitable Al, helps satisfy emerging
regulatory requirements, and encourages broader adoption of responsible machine learning across
diverse application domains.

Limitations. The primary limitation of FedFACT is the fairness representation, which contains the
linear disparities such as communly used DP, EOP and EO criteria, but it excludes some nonlinear
formulations of fairness, e.g. Predictive Parity [20] and individual fairness [27]]. Moreover, based
on our generalization-error analysis, although the proposed method enables a controllable accuracy-
fairness trade-off for a given fairness metric, it still requires a sufficiently large local sample size to
accurately estimate local fairness (whereas global fairness demands only an adequate overall sample
size). While our empirical results compare favorably against existing approaches, exploiting dataset
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Behavior of The In-Processing Method under Varying Numbers of Clients.
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Figure 5: Scalability Analysis. The behavior of both the in-processing (top row) and post-processing (bottom
row) methods as the number of clients increases from 2 to 50 across Compas, Adult, CelebA, and ENEM

datasets.

characteristics to optimize fairness may reduce the sample complexity needed for local fairness
optimization. Addressing these limitations remains an important avenue for future work.
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